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We studied the formation of Y-junctions for transonic elastic strings. Using the general solution
for this type of strings, which is described by left- and right-moving modes, we obtained the dynamics
of Y-junctions. Considering the linearized ansatz for straight strings, we constructed the region in
“angle-velocity” space for which the formation of Y-junctions due to strings collisions is allowed.
We argue that the obtained result is valid for all current carrying straight strings.
I. INTRODUCTION
Cosmic strings are hypothetical objects that were ori-
ginally described by Tom Kibble [1]. They appear as a
prediction of numerous models of early universe [2]. To
highlight some of them it is worthwhile to mention brane
inflation [3–8], supersymmetric grand unified theory [9–
13] and theories of high energy particle physics [14–17].
Some types of cosmic strings allow the existence of
bound states, named as Y-junctions. They might appear
due to collisions of distinct strings that form trilinear
vertices, see figure 1. Y-junctions are common for non-
abelian strings [18], complex field configurations [19] and
cosmic strings from brane inflation (cosmic superstrings)
[5]. It was demonstrated that it is possible to obtain kin-
ematic constraints for production of Y-junctions using
approximation that cosmic strings are infinitely thin (are
described by Nambu-Goto action) [20–22]. The result of
kinematic constraints was confirmed by numerical simu-
lations in a framework of field theory [23, 24]. The ana-
lytic description of cosmic strings via Nambu-Goto action
also sheds light on dynamics of Y-junctions. In partic-
ular, one can estimate the average growth/reduction of
string lengths for multi-tension cosmic string networks.
This phenomenon is crucial for understanding the evolu-
tion of cosmic (super)string networks [25, 26].
We wish to point out that the configuraion of Y-
junction does not need to tend to particular angles to
satisfy the zero force condition [27, 28]. To be consistent
with zero force condition, connected strings should be co-
planar, but can have an arbitrary orientation, see figure
1 [22]. The reason is that the change of string lengths is
accompanied by the energy-momentum transfer.
Due to nontrivial interactions of fields that form a
string core, Y-junctions might turn into superconducting
cosmic strings [29]. This situation naturally arises for
supersymmetric [30–34] and non-Abelian strings [35, 36].
To obtain an effctive description of superconducting cos-
mic strings, models for infinitely thin strings were de-
veloped [29, 37–41]. It was also suggested that some mac-
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roscopic properties can be captured by such current car-
rying Nambu-Goto strings. In particular, the barytropic
cosmic string model, which also comes out from dimen-
sional reduction [42, 43], provides an accurate depiction
of “wiggly” (noisy) cosmic strings [44–47].
The problem of Y-junctions for Nambu-Goto current
carrying strings was initially studied in [48]. The authors
developed covariant formalism to investigate under which
conditions the production of Y-junctions is possible. The
result of this research states that for magnetic (space-like
current) and electric (time-like current) superconducting
strings the formation of Y-junction is impossible, unless
the newly formed string is described by a more general
equation of state.
This study is aimed to revisit the problem of Y-
junctions formation for particular case of transonic elastic
strings. We re-examine the exact solution for these
strings [44, 47], obtain left-/right-moving modes, and in
line with [20] we derive kinematic conditions under which
the production of Y-junction is possible. The result ob-
tained in this paper is in conflict with conclusion of the
work [48]. The explanation of this situation is given in
the end of section V.
II. SOLUTION IN MINKOWSKI SPACE FOR
TRANSONIC ELASTIC STRINGS
In this section we revisit the exact solution for tran-
sonic elastic strings, originally obtained in [44, 47], with
the method developed in [49]. We start consideration
from the action
S = −µ0
∫
f(κ)
√−γdσdτ, (1)
where µ0 is a constant defined by the symmetry break-
ing scale, {σ, τ} are coordinates on the string worldsheet
(Latin indexes “a-d” run over 0, 1) with induced metric
γab ≡ xµ,axν,bηνµ and (2a)
κ ≡ ϕ,aϕ,bγab, (2b)
γ ≡ 1
2
εacεbdγabγcd, (2c)
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Figure 1. Collision of p-string (fundamental string) with q-
string (Dirichlet string) gives rise to bound (p, q)-string. The
balance between strings is provided not only by string ten-
sions, but also by dynamics of junctions. The left part of the
figure illustrates the configuration of strings in the rest frame
defined by angles α and β. When the angle β′ is bigger than
the angle β, the bound string is shrinking. When the angle
β′ is smaller than the angle β, the bound string is growing.
εac is the Levi-Civita symbol, ηµν is Minkowski metric
(Greek indexes run over space-time coordinates xµ from
0 to 3), xµ,a ≡ ∂x
µ
∂σa and ϕ is a scalar function on the string
worldsheet. The function f(κ) will be defined below.
The stress-energy tensor for the action (1) can be writ-
ten as
Tµν ≡ −2 δS
δgµν
=
µ0√−g
∫
δ(4)(y − x(σ))
√−γ (Uuµuν − Tvµvν) dσdτ,
(3)
where uµuµ = 1 and v
µvµ = −1 are orthonormal time-
like and spacelike vectors. Mass per unity length U and
tension T in (3) are given by expressions
U = f − 2κf ′κΘ [−κf ′κ] ,
T = f − 2κf ′κΘ [κf ′κ] ,
(4)
where Θ[...] is a Heaviside function and f ′κ =
∂f
∂κ (for
more details about the stress-energy tensor see section 4
in [50] or alternatively section 2 in [51]).
We can introduce the speed of “wiggles” cE (propaga-
tion of transverse perturbations) and “woggles” cL
(propagation of longitudinal perturbations) acording to
[39, 47]
c2E =
T
U
, c2L = −
dT
dU
. (5)
In this way, for the standard Nambu-Goto string both
propagations have the speed of light, cE = cL = 1. It is
anticipated to have supersonic strings (cE > cL) for most
of regimes of superconducting strings [38, 52]. Mean-
while, the transonic model
cL = cE ≤ 1 (6)
can be considered as an effective description of wiggly
strings [46, 47] and some particular limits of supercon-
ducting strings (see sections 5.8, 5.9 in [50]).
Using (4), the explicit form of (5) can be written as
c2E =
f − 2κf ′κΘ[κf ′κ]
f − 2κf ′κΘ[−κf ′κ]
,
c2L = −
f ′ − 2(f ′κ + κf ′′κκ)Θ[κf ′κ]
f ′ − 2(f ′κ + κf ′′κκ)Θ[−κf ′κ]
.
(7)
Substituting (7) into condition (6) for transonic
strings, one can obtain the equation for f(κ)
(f ′κ)
2 + ff ′′κκ = 0 ⇒ f =
√
c1κ+ c2, (8)
where c1 and c2 are constants of integration.
One can write down the equation of state for transonic
strings using the expressions (4) together with (8)
UT = f (f − 2κf ′κ) = c2 = m2, (9)
where m is a mass dimensional constant.
We can define c1 = ±m2 and absorb m2 into the defin-
ition of µ0. These manipulations allow us to establish the
function f(κ) for transonic elastic strings in the following
form, as also presented in [44, 47],
f(κ) =
√
1− κ, κ ∈ (−∞, 1], UT = 1. (10)
It is known that the transonic model has the gen-
eral wave-like solution [44]. Let’s use the method from
[49] to demonstrate that there are only two types of
strings, whose equations of motion can be reduced to
the wave equation: chiral (see [40, 53]) and transonic
elastic strings. We start consideration by writing down
the equations of motion for the action (1) in Minkowski
space [54]
∂a
[
T abxµ,b
]
= 0, (11a)
∂a
[√−γγabf ′κϕ,b] = 0, (11b)
where
T ab = √−γ (γabf − 2f ′κγacγbdϕ,cϕ,d) =
=
√−γ (γabf + θab) (12)
(notice the change of the sign in (12) due to misprint in
equation (6) of [54]).
Parametrization invariance of the string worldsheet al-
lows us to make the transformation
T ab 7−→ ηab, (13)
if their determinants are equal [49]
detT ab = detηab = −1. (14)
Let’s expand the determinant of T ab
detT ac = −f2 − f Trθac − detθac . (15)
3It is easy to check that detθac = 0, hence, we are left
only with
detT ac = −f2 + 2ff ′κ Tr
[
γacγbdϕ,cϕ,d
]
=
= −f (f − 2f ′κκ) = −UT.
(16)
It is seen from (16) that the transformation (13) is pos-
sible due to parametrization invariance only if the func-
tion f(κ) is defined as for transonic elastic strings (10),
or f(κ) is defined as for chiral strings, where the current
is a null vector κ→ 0 [54].
The relation (16) together with (10) guarantees that
the equations of motion for the string worldsheet (11a)
has the general wave-like solution. Choosing the gauge
where the worldsheet coordinate τ coincides with phys-
ical time t, one can write down the solution for (11a) in
the form of left- and right-moving modes
x0 = τ, x =
1
2
(a(σ+) + b(σ−)) , (17)
where σ+ = τ + σ and σ− = τ − σ.
Up to this point, we demonstrated how to obtain the
result of [44] in a different manner. Let’s study the equa-
tion of motion for the function ϕ (11b). To do so, we
plug ff ′κ =
1
2 in (11b)
∂a
[√−γγabf2f ′κϕ,b] = [using (13) ] =
= ∂a
[
f
(
ηab + 2f ′κ
√−γγacγbdϕ,cϕd
)
f ′κϕ,b
]
=
= ∂a
[
ff ′κ
(
ηab + 2κ
√−γγabf ′κ
)
ϕ,b
]
.
(18)
Transferring the right-hand side term with
√−γγab to
the left-hand side in (18), one obtains
∂a
[√−γγabf ′κf (f − 2κf ′κ)ϕ,b] =
= ∂a
[√−γγabf ′κϕ,b] = ∂a [ff ′κηabϕ,b] = 0. (19)
Taking out the constant ff ′κ from the differentiation
operation in (19), we derive the following equation
∂a
[
ηabϕ,b
]
= 0, (20)
which general solution is given by
ϕ =
1
2
(F (σ+) +G(σ−)) . (21)
We still have freedom to chose the normalization for
|a′| and |b′|. For simplicity and in order to keep consist-
ency with the standard description, to have |a′| = 1 and
|b′| = 1 when correspondent current components vanish,
we chose the following normalization
a′ 2(σ+) = 1− F ′ 2(σ+), b′ 2(σ−) = 1−G′ 2(σ−) (22)
for right- and left-moving modes.
Using relations (22), one can write down the current
(2b) as
κ =
2F ′G′
1 + F ′G′ − a′ · b′ , (23)
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Figure 2. The current κ defined by (23) for different values
of scalar moving modes G′, F ′ and for angles 0, pi between
vectors a′ and b′.
which is shown in figure 2 for different values of F ′ and
G′.
It is seen that if the left(or right)-moving mode of the
current is independent of σ− (or σ+), the expression (23)
goes to zero
κ = 0, if : F ′ = 0, (or G′ = 0). (24)
The situation (24) reproduces the chiral string prop-
erties, where only left(or right)-moving mode is allowed
[40, 49, 53, 54].
III. JUNCTIONS FOR TRANSONIC ELASTIC
STRINGS
To study Y-junctions for transonic elastic strings we
start with the action for three connected current carrying
strings [48]
S = −
∑
i
µi
∫
f(κi)
√−γi Θ (si(τ)− σi) dσidτ+
+
∑
i
∫
fµi (x
µ
i (si(τ), τ)−X µ(τ)) dτ+
+
∑
i
∫
gi (ϕi(si(τ), τ)− Φ(τ)) dτ,
(25)
where the function f(κ) is given by (10), µi are constants
defined by the symmetry breaking scale, fµi, gi are Lag-
range multipliers for strings and currents, time functions
4X µ(τ) and Φ(τ) define values for xµi and ϕi at the point
where strings are connected, the index i = 1, 2, 3 denotes
each of the three strings (the summation over index i is
carried out only when it is written explicitly).
Varying the action (25) with respect to xµi and ϕi,
we obtain the equations of motion (11a) and (11b) for
each type of strings. Using (16) and (20) the boundary
terms from equations of motion, which are proportional
to δ(si(t)− σi), can be expressed as
µiη
abxµi,aλb i = f
µ
i ,
2µifif
′
κiη
abϕ,aλb i = gi,
(26)
where λa i = {s˙i, −1}.
The variation of the action (25) with respect to X µi
and Φ gives us ∑
i
fµi = 0,∑
i
gi = 0,
(27)
which can be rewritten using solutions (17) and (21) to-
gether with expressions (26) in the following way∑
i
µi
[
a′i(1 + s˙i)− b′i(1− s˙i)
]
= 0,∑
i
µi [F
′
i (1 + s˙i)−G′i(1− s˙i)] = 0.
(28)
Finally, variation of the action (25) with respect to fµi
and gi provides us the following relations
xµi (si(τ), τ) = X
µ(τ),
ϕi(si(τ), τ) = Φ(τ).
(29)
Differentiating (29), using the exact solutions (17) and
(21) we obtain
(1 + s˙i)a
′
i + (1− s˙i)b′i = 2X˙(t),
F ′i (1 + s˙i) +G
′
i(1− s˙i) = 2Φ˙(t).
(30)
Manipulating vectors a′i, b
′
i and using (28) with (30),
it is possible to obtain the following equations
a′k(1 + s˙k) =
2
µ
∑
i
(1− s˙i)µib′i − (1− s˙k)b′k,
F ′k(1 + s˙k) =
2
µ
∑
i
(1− s˙i)µiG′i − (1− s˙k)G′k
(31)
and
X˙ =
1
µ
∑
i
(1− s˙i)µib′i. (32)
We parametrize the string worldsheets in such way that
modes a′i(σ+), F
′
i (σ+) move outwards the string connec-
tion, while b′i(σ−) and G
′
i(σ−) move towards the string
connection. Such choice means that b′i(σ−) and G
′
i(σ−)
are initial values that define a′i(σ+) and F
′
i (σ+) by equa-
tions (31). The first three equations for vectors a′i(σ+)
in (31) can be squared and using the normalization con-
ditions (22) we eliminate a′i(σ+). Hence, we have the
system of six independent algebraic equations (31) and
six variables that can be found: three variables s˙i and
three variables F ′i (σ+).
It is illustrative to compare values of s˙i for strings with
currents and without. For this purpose we fix angles
between b′i(σ−), define string constants µi and evalu-
ate the system of equations (31) for different values of
G′i(σ−). An example of such dependence is shown in fig-
ure 3.
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Figure 3. Dynamics of Y-junctions represented by s˙i of
strings with µ1 = 1 (blue), µ2 = 1.2 (red), µ3 = 1.4 (green)
and oriented with angles 2pi/3 between them. Dashed lines
show the values of s˙i depending on G
′
1, dash-dotted on G
′
2,
solid on G′3. Black dashed lines demonstrate no changes of s˙i
when all G′i increase simultaneously.
The description above demonstrates that dynamics of
Y-junctions for transonic elastic strings can be described
within Nambu-Goto approximation.
IV. COLLISIONS OF TRANSONIC ELASTIC
STRINGS
It is always possible to chose small region, where col-
lided strings can be considered straight. We are going to
study kinematic conditions for straight strings to produce
a Y-junction.
We decompose the straight string solution as a linear
combination of ”bare” and current carrying parts [54]
xi = yi + zi, (33)
where the ”bare” part is given by
y1,2 =
{−γ−1v σ cosα; ∓γ−1v σ sinα; ±υτ} ,
y3 =
{
γ−1u σ cos θ; γ
−1
u σ sin θ; uτ
}
,
(34)
5while the current carrying part is described by
zi = −giσ−(y˙i − y′i)− fiσ+(y˙i + y′i), (35)
with γ−1v =
√
1− v2.
Constants fi and gi in (35) represent the current con-
tribution for left- and right-moving modes.
From (33)-(35) one can find that
a′i = (1− 2fi)(y˙i + y′i), |a′i|2 = (1− 2fi)2,
b′i = (1− 2gi)(y˙i − y′i), |b′i|2 = (1− 2gi)2.
(36)
Comparing constants fi and gi in (36) with (22), we
establish the relations
fi = 1−
√
1− F 2i , gi = 1−
√
1−G2i . (37)
In order to find out for which velocities v and angles
α the third string can be produced (which means that
s˙3 > 0), we need to derive the orientation (angle θ) of
newly created string and its velocity u. To obtain these
variables we follow the procedure of [21], i.e we write
down the expression for X˙, given in (32), by substituting
σ → s3(τ) in expressions (34) and (35)
X˙ =
{
T1(τ)γ
−1
u cos θ; T1(τ)γ
−1
u sin θ; T2(τ)u
}
, (38)
where T1(τ) = s˙3(τ) + g3(1− s˙3(τ))− f3(1 + s˙3(τ)) and
T2(τ) = 1− f3(1 + s˙3(τ)) + g3(1− s˙3(τ)).
Combining (38) with (32) one can obtain the vector
equation, from which θ and u are determined via b′i.
To summarize, we have nine equations: six equations
from (28) and three equations from (32). Therefore, we
can derive eight variables F ′i , s˙i, u, θ defining another
eight variables µi, G
′
i, v, α. The vector equality (32)
with (38) does not provide three independent equations,
but only two, similarly as in [21]. Having all this inform-
ation, we can numerically solve this system of algebraic
equations. As a result, we obtain the region of velocit-
ies v and angles α for which colliding strings give rise to
Y-junctions (which means s˙3 > 0), see figure 4.
It is important to highlight that the ansatz (33) for
linearized straight strings satisfies equations of motions
(11a), (11b) for arbitrary function f(κ). It happens be-
cause all components, such as γab, ϕa, κ, f(κ) and f
′
κ(κ)
are constants. Since any string near the collision point
can be treated as a straight one, we anticipate that cal-
culations presented above are applicable to all current
carrying strings. The absence of an analytic solution for
the general case does not allow us to establish connec-
tions for fi and gi as it was done for transonic elastic
strings in (37), however, we anticipate that qualitative
picture for all superconducting strings will be the same.
V. CONCLUSIONS
We revisited the exact solution for elastic transonic
strings in Minkowski space [44, 47] with the method de-
veloped in [49]. The exact solution allowed us to consider
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Figure 4. Range of parameters: velocity v and angle α, which
allow for colliding strings with µ1 = 1 and µ2 = 1.2 to produce
the Y-junction (s˙3 > 0 corresponds to areas below lines) with
µ3 = 1.4. The solid blue line corresponds to G
′
1 = 0.99, red
line to G′2 = 0.99, green line to G
′
3 = 0.99 while all others
G′i are zeros. Dashed black line represents the case when all
G′i = 0, while black solid when G
′
1 = G
′
2 = 0.65, G
′
3 = 0.
left- and right-moving modes, which made it possible to
treat the production of Y-junctions in a similar manner
as it was done in [21].
The system of equations (31) allowed us to obtain s˙i,
the rate of string lengths change, requiring the definition
of incoming components of the current G′i. The values
of incoming current components G′i should be determ-
ined by strings properties. Thus, in the case of cosmic
superstrings the values of G′i might be defined similarly
to tensions of connected strings by saturated BPS state
(see [5, 27, 28] for details)
µp,q = µF
√
(p− qC0)2 + q2/g2s .
For superconducting and wiggly cosmic strings with Y-
junctions, the definitions of G′i should arise from the val-
ues of tensions and mass per unit lengths (4). The ex-
act definition of G′i for particular type of strings needs
further investigation and goes beyond the scope of this
paper, hence, we treated G′i as free parameters.
In section IV we found kinematic constraints that
should be satisfied to give rise to a Y-junction. In par-
ticular, we obtained a range of velocities v and angles α
of collided strings when s˙3 > 0, as shown in figure 4.
While the full analyses of kinematic constraints was
carried out for transonic elastic strings, we anticipate the
same qualitative result for all current carrying strings.
This conjecture comes from the fact that near the colli-
sion point we always can chose small region where strings
can be described by linearized ansatz (33). The straight
string form (33) satisfies equations of motion (11a)-(11b)
for arbitrary function f(κ) and leads to conclusion that
kinematic constraints should be valid for all current car-
rying strings.
6In the present study we do not face the problem of
overdetermined system of equations, as it was reported
in [48]. We expect that the problem in [48] appears due
to the choice of conformal gauge
x˙µx′µ = 0, x˙
µx˙µ = −x′µx′µ,
together whith τ coinciding with physical time t. The
implicit equality τ = t comes up in the definition of the
action for connected strings given in section III of [48]. It
can be seen from the fact that τ is the same for all string
worldsheets and that the vertex, which connects three
strings, has only τ dependence. We assume that relaxing
one of these three conditions (two conditions from the
conformal gauge and the condition t = τ) one can resolve
the problem of overdetermined equations.
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